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A B S T R A C T
A time–frequency approach based on the wavelet transform is used to examine the transient vibration char-
acteristics of two 2 × 2 pile-group models tested in a shake table. The models are subjected to three diﬀerent
records consisting of white noise input and two diﬀerently scaled records from the 2011 Christchurch
Earthquake. In contrast to conventional Fourier analysis, the proposed method has the advantage of enabling the
visualisation of the temporal variation in structural frequencies and frequency content of ground motion due to
liquefaction in an eﬀective way. It is found that liquefaction causes a decrease in structural frequency, whose
reduction depends on the rate of excess pore pressure build-up, whereby high rates (“fast liquefaction”) lead to
greater reduction, ie, up to 51%. Liquefaction is also responsible for the elongation of the predominant period of
the ground motion and narrowing of its overall frequency bandwidth. The combined eﬀect of reduction in
structural frequency and ﬁltering of high frequency components of the ground motion may lead to moving
resonance condition, resulting in ampliﬁcation of structural response. After the onset of liquefaction, there is a
redistribution of maximum bending moment toward deeper elevations, indicating that kinematic soil-structure
interaction dominates the overall seismic response.
1. Introduction
Extensive damage to pile-supported structures, particularly bridges,
high-rise buildings, coastal structures, have been observed in liqueﬁ-
able soils after most major earthquakes, including recent events in India
[11], China [24], Japan [5,16], Italy [31], Nepal [9] and New Zealand
[37]. Because damage to foundations occurs beneath the ground, it is
diﬃcult to ascertain what the actual mechanism of failure is unless
deep excavations and/or integrity tests are carried out to determine
damage patterns. Observations made during post-earthquake re-
connaissance missions at sites aﬀected by liquefaction have highlighted
that cracks and evidence of plastic hinge formation can be found at
various depths along piles [2,14,18,47]. Such ﬁndings are somewhat
surprising considering the conservative approach adopted in routine
practice according to which piles are designed to remain elastic even
during strong ground shaking, and ultimate limit state veriﬁcations
[13]. Evidently, studying the seismic response of piled foundations is
challenging due to the non-linear behaviour of the soil, and the complex
nature of the dynamic soil–structure interplay. Moreover, in piles pas-
sing through saturated cohesionless soil, the analysis is further
complicated since the shaking leads to development of excess pore
pressure, resulting in a temporary reduction of stiﬀness and strength of
the foundation soil. This phenomenon, commonly referred to as soil
liquefaction, leads to further non-stationarity and non-linearity, in-
cluding ﬁltering eﬀect of the liqueﬁed deposit to seismic waves, which
results in a temporal shift of the frequency content of the shaking to-
wards lower frequencies, and temporal variation of the vibration
characteristics of the foundation-structure system. Indeed, the com-
bined variation of ground motion’s frequency content and structural
vibration characteristics due to liquefaction may have important im-
plications on the seismic demand and capacity of pile-supported
structures. Lombardi and Bhattacharya [32] concluded that the
lengthening of fundamental period due to excess pore pressure build-up
leads to a progressive reduction of base shear force, owing to lower
spectral accelerations at high periods. To quantify the variation in vi-
bration characteristics of pile-supported structures caused by soil li-
quefaction, Lombardi and Bhattacharya [31] applied a Fourier spectral
analysis to acceleration responses of models subjected to a white noise
input applied by means of a shake table. To reduce the velocity of the
liquefaction front, the amplitude of the input motion was gradually
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incremented over 300 s. Notwithstanding the restrictions of the Fourier
spectral analysis when applied to non-stationary time series (for further
details, see [46], the Fourier transform was applied to windows within
which the data was deemed to be stationary. Evidently, the validity of
piecewise stationarity depends on the size (ie, duration) of the window,
which has to be greater than the lowest period of the mode of interest,
and long enough to obtain an acceptable frequency resolution. Evi-
dently, this method is applicable to relatively long duration time series,
yet it might be questionable whether such an approach still valid to
dataset obtained from time histories recorded in real earthquakes.
The wavelet transform is a convenient mathematical tool for the
analysis of highly non-linear and time-dependent processes, such as
those encountered in soil liquefaction. In this paper, we will use the
wavelet transform to investigate the temporal variation in frequency
characteristics of piled foundation models caused by increase in excess
pore pressure, which eventually leads to liquefaction condition when
the excess pore pressure equalises the overburden stress. After a brief
overview of the diﬀerent methods available for the analysis of strong
ground motion data, the basics and main applications of the wavelet
transform to structural and geotechnical problems are presented. The
method is subsequently applied to data obtained from a series of shake
table tests with the aim to quantify the temporal variation in vibration
characteristics of two 2× 2 pile-group models. The wavelet transform
is ﬁrst applied to free vibration and white noise tests previously ana-
lysed by Lombardi and Bhattacharya [31] by means of a conventional
Fourier analysis. This not only provides a way to verify and validate the
proposed methodology, but it also gives authors the opportunity to
compare the ﬁndings obtained from the Fourier and Wavelet trans-
forms. Subsequently, the method is applied to two tests wherein models
were subjected to two diﬀerently scaled records from the 2011
Christchurch earthquake. The ﬁnal presentation is a time-frequency
distribution, designated wavelet spectrum. The second part of the paper
investigates the implication of the change in frequency characteristics
on the seismic demand and capacity of the models, expressed in terms
of base shear, and time histories of bending moment and displacements,
respectively. The paper concludes with a discussion on the practical
implications of the research ﬁndings on the seismic design of pile-
supported structures in liqueﬁable soils.
1.1. Spectral analysis of strong ground motion data
The analysis of strong ground motion data, whether from physical
measurements or numerical modelling, most likely exhibits the fol-
lowing issues: (i) limited time span of data with meaningful informa-
tion, ie, short records with high signal-to-noise ratios; (ii) intrinsic non-
stationary of the data; and (iii) intrinsic non-linearity of the process
being recorded. The Fourier spectral analysis has been widely used for
computing the energy-frequency distribution of strong ground motion
data, although the method is strictly applicable to linear systems and
time-series characterised by ergodicity and stationarity. In earthquake
engineering, the conditions of linearity and ergocity are rarely met
since most of the available data is transient in nature and intrinsically
non-linear. The requirement of stationarity may be satisﬁed by as-
suming that data is stationary within a limited time span (ie, piecewise
stationarity), or data becomes stationary when time approaches inﬁnity
(ie, asymptotically stationarity). When the Fourier spectral analysis is
applied to data that do not satisfy these assumptions, the Fourier
transform introduces spurious harmonic components that artiﬁcially
widen the frequency spectrum. A number of data processing methods
for non-linear and non-stationary processes are available, including: (i)
Wigner-Ville distribution method, which is widely used by the electrical
engineering community [10], (ii) empirical orthogonal function ex-
pansion, a method popular in remote sensing, with applications in
oceanography and meteorology research [42], (iii) Hilbert Huang
method [20–22], which has been applied to a number of geophysical
data and used for atmospheric and climate studies [23]; and (iv) Wa-
velet transform [35], whose applications to earthquake, wind and
ocean engineering research can be found in Gurley and Kareem [17]. Of
particular relevance to the current study is the application of wavelet
transform to the analysis of the energy-frequency distribution of
earthquake records [25,39,45] and spectral non-stationary due to pro-
pagation of seismic waves through soft deposits [1,8,36].
Evidently, each of these methods has its own advantages and dis-
advantages, whose implications on the analysis of non-linear and non-
stationary processes induced by soil liquefaction deserve a separate
discussion. This, however, would be out of the scope of this paper,
hence it is omitted herein. Yet, for the interested reader who wishes to
revisit the present study by evaluating the performance of diﬀerent data
processing methods, the research data supporting this publication is
publically available as supplementary information at http://dx.doi.org/
10.15127/1.296929. This study adopts the wavelet analysis because of
its proven application for the analysis of soil liquefaction [44] and
evaluation of change in vibration characteristics of structures founded
in soft deposits during strong shaking (Naga and Eatherton, 2013). The
following section brieﬂy presents the mathematical formulation of the
wavelet transform.
Fig. 1. Qualitative representation of an example of mother wavelet: (a) Morlet wavelet; (b) compressed and dilated versions of the mother wavelet.
Table 1
Geometrical and mechanical properties of the pile-group models.
Model ID Outer
diameter
[mm]
Thickness
[mm]
EI pile
[Nm2]
Pile-cap
mass
[kg]
Natural
frequency [Hz]
GP1 25.40 0.71 294 13.08 1.18
GP2 41.28 0.71 1305 22.72 1.86
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1.2. Wavelet transform
The wavelet transform was introduced by the French geophysical
engineer Jean Morlet to study wave propagation through soil deposits
[15,35]. The method can be seen as an adjustable window Fourier
spectral analysis in which an arbitrary signal x(t) is decomposed into a
series of functions by dilation and translation of a basis function ψ(t),
hereafter referred to as “mother wavelet”. To be a mother wavelet, the
function has to satisfy two conditions: ψ(t) must be an oscillatory
function that decays rapidly to zero (see Fig. 1, ψ(t) has zero mean, such
that Eq. (1) holds true. Although no universal method has been put
forward for selecting the mother wavelet, selection criteria tend to
focus on frequency similarity between wavelet and the spectrum of the
time series [19].
∫ =−∞
+∞
ψ t dt( ) 0 (1)
A family of wavelets ψa,b(t) can be constructed from dilation and
translation of a single mother wavelet ψ(t) by changing the parameters
a and b in Eq. (2).
= ⎛
⎝
− ⎞
⎠
∈ ≠ψ t
a
ψ t b
a
a b Rcc a( ) 1
| |
, 0a b, (2)
As shown in Fig. 1b (left), high frequency components are re-
produced by compressed mother wavelets, with dilation parameter in
the range 0 < |a|≪ 1. Lower frequencies are obtained by dilated
mother wavelets, with |a|≫ 1. The translation parameter b in Eq. (2)
determines the temporal location of the wavelet.
The continuous wavelet transform of the input signal x(t) is deﬁned
by the inner product in the Hilbert space L2(R) of the input signal and
the complex conjugate of the ψa,b(t) given by
∫= 〈 〉 = −∞
+∞
W x a b x ψ x t ψ t dt[ ]( , ) , ( )· ( )·ψ a b a b, , (3)
where the kernel ψa,b(t) plays the same role as the kernel e(-iωt) in the
Fourier Transform.
The wavelet transform yields instantaneous frequencies as functions
of time that are presented in an energy-frequency-time distribution,
designated as wavelet spectrum. Evidently, selection of the mother
wavelet is the ﬁrst step in data processing. A number of mother wavelet
are available (eg, Meyer, Daubechies, Symlet, and Coifman wavelets),
but in this study the Morlet wavelet, depicted in Fig. 1, is used owing to
its satisfactory resolution in both time and frequency domains, and its
previous applications to the analysis of soil liquefaction problems [44]
and evaluation of change of vibration characteristics of structures due
to site eﬀects (Naga and Eatherton, 2013).
2. Application of wavelet transform to experimental response of
pile-group models
Given the premise that strong earthquakes are infrequent, and that
most foundations are not instrumented, there is little opportunity for
studying the seismic response of piled foundations during liquefaction
in full-scale testing. Consequently, physical modelling provides an op-
portunity for understanding the complex soil-structure interaction in a
well-controlled laboratory conditions. In this study a series of shake
table tests were carried out to investigate of the transient vibration
characteristics of pile group models during liquefaction.
Table 2
Dimensionless groups for models and prototypes.
Model/Prototype SH (non-
liqueﬁed)
SH*
(liqueﬁed)
P/Pcr
GP1/Kandla Port & Customs
Oﬃce (India)
∼15.9/
10.4= 1.5
∼8.9/
5.8= 1.5
∼0.30/
0.27= 1.1
GP2/Residential building in
Higashisuna (Japan)
∼11/13=0.9 ∼6.2/
7.2= 0.9
∼0.05/
0.03= 1.6
Table 3
Summary of tests analysed in this study.
Test ID Dr Dr (prototype
scale)†
Input motion PA [g] SD [s] IA FoS
WN-1 34% ∼45% White noise 0.27 167.73 6.90 0.25
EQ-1 54% ∼64% 2011
Christchurch
0.25 6.31 0.50 0.27
EQ-2 59% ∼70% 2011
Christchurch
0.64 6.31 3.16 0.12
Dr=relative density; PA=peak input acceleration; SD=signiﬁcant duration;
IA=Arias Intensity; FoS= factor of safety against liquefaction.
† Computed based on Eq. (9).
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Fig. 2. Experimental apparatus: (a) photo of shake table and model container; (b) schematic of instrumentation layout [31].
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The following sections describe the scaling laws employed for the
design of the small-scale models and interpretation of the experimental
results, experimental setup and testing programme.
2.1. Scaling and experimental modelling
Derivation of appropriate scaling laws is the ﬁrst step in an ex-
perimental study. Scaling laws are not only necessary to deﬁne the
geometrical and mechanical properties of the physical models, but may
also serve as means of interpretation of the experimental results for
prediction of the prototype response. Every physical process that gov-
erns the particular response of interest can be expressed in terms of
relevant fundamental parameters, grouped together in non-dimensional
groups [3], which must be preserved at model and prototype scales.
Recognising that not all the underlying mechanics can be preserved
simultaneously at one given scale, it is important to identify the gov-
erning physical mechanisms that must be simultaneously satisﬁed
through pertinent similitude relationships. Since we are here concerned
with the vibration characteristics of piled foundation during liquefac-
tion, the soil-foundation stiﬀness is one of the mechanism that must be
preserved at all scales. The soil-foundations stiﬀness can mathemati-
cally be expressed by the non-dimensional foundation stiﬀness, SH
(Dobry et al., 1982)
=S L D
E E
/
( / )H P S 1/4 (4)
where the slenderness of the pile is expressed by the length to diameter
ratio, L/D; and relative pile-foundation stiﬀness by the ratio of the
Young’s moduli of pile, Ep, and soil, Es. It is worth noting that Ep in Eq.
(4) is the Young’s modulus of the equivalent solid pile, which for a
hollow circular pile can be computed by
=E EI
Dp π64
4
(5)
where EI denotes the bending rigidity of the pile, and D is its outer
diameter.
Because of the non-linear nature of soil behaviour upon shearing,
stiﬀness greatly changes with strain, however two “extreme” values are
considered hereafter. These are: (i) shear stiﬀness at small strains, Go,
corresponding to the linear elastic response of the soil at small
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Fig. 3. Results from free vibration tests in term of: power spectrum density (PDS), spectrogram and acceleration response for: (a) model GP1; (b) model GP2.
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deformation; this is computed using the empirical formula proposed by
Kokusho [26] as a function of soil’s void ratio, e, and conﬁning stress,
σc′ (see Eq. (6); (ii) shear stiﬀness of the liqueﬁed soil, Gliq, which ac-
cording to Lombardi et al. [33], can be computed as a function of re-
lative density of the soil Dr by the exponential function given in Eq. (7).
= −
+
′G e
e
σ8400 (2.17 )
1 c0
0.5
(6)
where G0 and σ'c are expressed in kPa
= ×G Dexp(0.0657 )liq r (7)
where Gliq is in kPa and Dr expressed in percentage
The lateral support on the foundation provided by the surrounding
soil reduces owing to liquefaction, consequently long slender piles may
become unstable and buckle under the action of the large axial loads,
imperfections and signiﬁcant p-delta eﬀect. Buckling of the pile is
therefore another mechanism that should be accounted for when de-
veloping scaling laws. Therefore, the ratio of axial load, P, to critical,
Pcr, is another non-dimensional parameter that must be satisﬁed at
model and prototype scales. Following Davisson and Robinson [12], the
critical load of an embedded pile is calculated considering the depth of
ﬁxity LE, such that
=P π EI
L4cr E
2
2 (8)
Typical values of LE for both liqueﬁed and non-liqueﬁed conditions
are provided by Lombardi et al. [28] as a function of a non-dimensional
thickness of the liqueﬁed layer and pile’s embedment ratio. Other di-
mensionless groups pertinent to study diﬀerent aspects of the problem
are readily available in the literature [49]. The models can be compared
with two prototypes. The ﬁrst prototype consists of a 15-storey building
in (Japan). The building is supported on concrete piles having 1–2m
diameter and is 53–54m long. The diameter of the pile at the base
ranges from 1.4 to 3.5 m to have an enhanced end-bearing. The load
carrying capacity of the pile ranges between 2356 and 15,009 kN [5].
The superstructure is a steel frame encased within reinforced concrete
and the interior is light wood partition wall. The building showed a
good performance during the 2011 Tohoku, despite evidence of lique-
faction was observed in the area [5]. The second prototype is the
Kandla Port and Customs Tower located in Kandla Port, India. The 22m
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Fig. 4. (a) Time histories of input motion, excess pore pressure ratio ru, soil acceleration and models’ acceleration responses, recorded during test WN-1; (b) Power
spectral density of input motion.
F.E. Hall et al. Engineering Structures 171 (2018) 712–729
716
Fig. 5. Spectrograms obtained from structural and soil responses for diﬀerent intervals of test WN-1. (a) 0–100 s; (b) 100–200 s, and (c) 200–300 s. Time histories of
acceleration input motion and excess pore pressure ratio are depicted at the bottom of the ﬁgure.
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tall tower has an eccentric mass at the roof and is supported on a piled-
raft foundation that considerably tilted away as a result of the 2001
Bhuj earthquake, arguably due to soil liquefaction [11]. The foundation
of the tower consists of 0.5m thick concrete mat and 32 piles. The piles
are 18m long and therefore pass through 10m of clayey soil and rested
on liqueﬁable soils. The dimensionless groups for model and prototype
are presented in Table 2 (see next section).
Another scaling eﬀect that must be dealt with is the dependency of
the soil behaviour on stress levels. In fact, soils that show contractive
behaviour (eg, loose to medium dense sand) under high normal stress
may exhibit a dilative behaviour at low stress level in the model scale.
Therefore, physical modelling of soil-structure interaction problems
should ensure that stress dependent behaviour is correctly accounted
for. High gravitational stress cannot be produced in a shaking table test;
therefore the eﬀect of stress dependency on soil strength in 1-g testing
can be addressed through the change in soil density of the model. Based
on the stress-dilatancy work of Bolton (1986), the eﬀect of the mean
eﬀective stress in the soil, p', on the angle of shearing resistance, φ', can
be expressed as a function of the soil relative density, Dr, and the critical
angle of friction of the soil (which is an intrinsic properties of the soil),
which is mathematically expressed by
′ = + − ′ −φ φ D σ[ (9.9 ln ) 1]cr r c (9)
Based on this approach, if 120 kPa of mean eﬀective prototype stress
at 50% relative density is to be modelled in a small scale laboratory
model at 25 kPa stress, the sand is to be poured at about 39% relative
density ensuring that the peak friction angle is the same.
2.2. Experimental setup and instrumentation
The tests were carried out using the 15 tonne capacity, 3× 3m
earthquake simulator of the Bristol Laboratory for Advanced Dynamics
Engineering (BLADE) at the University of Bristol. The tests were per-
formed at normal gravity on physical models representing two 2×2
pile-groups, with spacing ratios (ie, ratio between centre-to-centre
distance and outer diameter) of 3. The piles were made of Aluminium
tubes (alloy L114-T4 6082-T4), cut into lengths of 2m. Each pile group
was equipped with a pile-cap, made of a steel plate to which piles were
rigidly connected. This arrangement allowed free translational move-
ments but no relative rotations between the piles. To ensure ﬁxed-base
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condition, all piles were rigidly connected to a bottom plate. It is noted
that such a boundary condition can be considered valid for piles pe-
netrating into a ﬁrm soil layer that is not susceptible to liquefaction.
The geometrical and mechanical properties of the piles used in the two
models, hereafter referred to as GP1 and GP2, are listed in Table 1. The
table also lists the natural frequencies of the models in their free-
standing conﬁguration, obtained from free vibration tests before plu-
viating the soil into the model container.
Additional details regarding the experimental arrangement and in-
strumentation layout are given in Lombardi and Bhattacharya [31–32].
The sand deposit was made of a uniform layer of Redhill 110 sand that
was deposited by pluviating dry soil from a constant height of fall of
1.5 m. The relative densities of the soil deposit are listed in Table 3.
Redhill 110 is a silica sand whose main properties, including resistance
to liquefaction and post-liquefaction behaviour, were investigated by
Lombardi et al. [31,33]. The saturation of the soil deposit was achieved
from top to bottom and was monitored through a set of pore pressure
transducers (PPTs), whose locations are illustrated in Fig. 2.
The input ground motion, representing the shaking at the bedrock in
the prototype, and acceleration responses of the models were monitored
by means of accelerometers mounted on the table and pile-caps, re-
spectively. These consisted of ± 8 g servo accelerometers, type 141A
manufactured by SETRA. The accelerometers had a high output capa-
citance type with inbuilt pre-ampliﬁers, which operate over a frequency
range of 0–3000 Hz. The accelerometers had a high output capacitance
type with inbuilt pre-ampliﬁers which operate over a frequency range
of 0–3000 Hz. The accelerometers presented a ﬂat response in the range
between 0 and 300 Hz and a resonance frequency of about 600 Hz,
which were well above the frequency range of interest for these tests.
The response of the soil deposit to the input motion was monitored by
an accelerometer embedded 0.6m below ground surface; it is noted
that such a level of embedment was required to minimise the tilting and
settlement of the sensor, particularly after the onset of liquefaction. One
pile in each pile-group was instrumented with pairs of strain gauges
mounted at 4 diﬀerent elevations. A schematic of the instrumentation
layout is shown Fig. 2; further details of the test setup and methodology
can be found in Lombardi and Bhattacharya [31].
2.3. Testing programme
The experimental investigation comprised of three tests, wherein
models were subjected to diﬀerent input motions whose characteristics
are listed in Table 3. It is noted that the ﬁrst test (test ID WN-1) was
analysed by Lombardi and Bhattacharya [31] by means of a Fourier
spectral analysis, hence this is used mainly for validation purposes. In
this test, models were subjected to a white noise signal, applied for a
total duration of 300 s. The acceleration amplitude was increased in
three steps -with a duration of 100 s each, from 0.04 g to 0.10 g, and up
to 0.27 g (see Fig. 4. The main advantage of using this “artiﬁcial” input
ground motion was to elongate the time to liquefaction, arguably re-
ducing the non-stationarity of the process. The input motions used in
tests EQ-1 and EQ-2 consisted of two diﬀerently scaled versions of a
time history recorded during the 6.3Mw 2011 Christchurch earthquake;
this was the strongest seismic event recorded in a series of earthquakes
that struck the Christchurch area between 2010 and 2011, and was
selected because of its widespread and severe liquefaction-induced
damaging eﬀect [37]. Speciﬁcally, the East-West component of the
accelerograms recorded by seismic station REHS on February 22, was
selected on the basis of the location of the recording station, which is
considered to be representative of free-ﬁeld condition [43]. Further-
more, duration (see Table 3 and frequency content (see Fig. 6b and 8b)
of the signal implied that suﬃcient cycles of loading were applied to
trigger liquefaction and stay liqueﬁed so that pile-liqueﬁed soil inter-
actions can be recorded through the diﬀerent sensors. The scaling ap-
plied to the accelerograms permitted to achieve diﬀerent factors of
safety against liquefaction, FoS (see Table 3; the latter being deﬁned as
ratio of cyclic resistance ratio (CRR) to cyclic stress ratio (CSR):
=FoS CRR
CSR (10)
According to the above deﬁnition, liquefaction occurs when
FoS < 1.This is consistent with the deﬁnition of “initial liquefaction”,
deﬁned by Seed and Lee [40] as the point at which the increase in pore
pressure equalises the overburden eﬀective stress in the soil. The CSR at
a given depth z is deﬁned as ratio of maximum shear stress to eﬀective
vertical stress σ'v0 at z. In this study, CSR was computed based on the
empirical expression proposed by Seed and Idriss [41], given by:
=
′
CSR r σ
σ
a
g
0.65 d v
v
0
0
max
(11)
where rd= 1−0.012z
where rd is the stress reduction factor. The value of CRR was esti-
mated based on cyclic triaxial tests carried out on samples of Redhill
100 sand, whose results are presented by Lombardi et al. [31,33].
Table 3 lists the factors of safety for the diﬀerent tests computed
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according to (3). The table also indicates the Arias intensity and sig-
niﬁcant duration of each input motion, the latter being deﬁned as the
interval of time over which 90% of the Arias intensity is contained [27].
2.4. Data acquisition system and signal conditioning
The data acquisition system consisted of 4 Microstar Laboratories
MSXB028 analog-digital converter (ADC) cards, controlled by a soft-
ware called SIMACQ cer2.09 (written in HP-VEE version 4.01). Data
was simultaneously sampled at a target frequency of 200 Hz. To avoid
distortion in the ﬁltered record due to so-called “wrap-around pollu-
tion” [38], the time series were tapered, ﬁltered using a digital 4th
order Butterworth ﬁlter (with highpass and lowpass frequencies set at
0.5 and 50 Hz, respectively) and padded with zeros on either side of the
data segment according to the procedure suggested by Boore [6].
3. Wavelet analysis
Wavelet analysis is implemented in the software program Matlab
[34] by selecting the Morlet function as mother wavelet (see Fig. 1a). As
mentioned earlier, this mother wavelet has been used by other re-
searchers for ground response analysis, owing to its better energy lo-
calisation and higher frequency resolution when compared with other
mother wavelets [7,44].
To show the implementation of the method, the wavelet transform
is ﬁrst applied to records from free vibration tests obtained by exciting
the models with an impact hammer. It is noted that these tests have
been carried out immediately before the application of the white noise
input discussed hereafter. Fig. 3 shows the results in both time and
time-frequency domains. In a Fourier spectral analysis, the natural
frequency of each model can be taken as the frequency corresponding
to the peak in the power spectrum density (PSD): 9.4 Hz and 10.2 Hz for
models GP1 and GP2, respectively. Results from wavelet transform are
displayed in a time-frequency plane, known as spectrogram, by means
of contour lines corresponding to diﬀerent energy levels. Speciﬁcally,
darker colours in the spectrogram indicate greater energy associated
with the corresponding frequency and time interval. The structural
frequency is given by the abscissa relative to the contour having max-
imum energy. Evidently, as the free vibration decays with time, the
energy of the signal diminishes, and consequently, the contour lines
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gradually disappear. Comparing the results from frequency transform
and wavelet transform, it can concluded that while the two methods
yield identical frequencies; yet the wavelet analysis has the advantage
of plotting the results in a frequency-time plane, which is better suited
for the investigation of time-varying phenomena. It is noted that in this
free vibration tests, the non-stationarity of the signal is practically
negligible due to the low strain level generated in the soil by the vi-
bration of the foundation.
3.1. White noise (Test ID WN-1)
A white noise is a random signal whose energy density function is
equally distributed over a certain frequency bandwidth, resulting in a
constant (ﬂat) Power Spectral Density (PDS). Although nonphysical,
and often considered as a mathematical simpliﬁcation rather than a real
process, systems subjected to white noise lend themselves to a more
accessible data processing analysis owing to a reduced non-stationary
and non-linearity of their responses. Consequently, white noise signal
can be analysed using conventional Fourier analysis by successively
sliding the window along the time domain as in Lombardi and
Bhattacharya [29,30]. In this study the responses obtained from the
models subjected to white noise are re-analysed using the wavelet
transform mainly for veriﬁcation and validation purposes. It is noted
that although the input white noise signal had an equally distributed
frequency content in the frequency range 0.1–100 Hz, the ground mo-
tion recorded on the table was characterised by a relatively narrower
frequency bandwidth due to the dynamic response of the shaking table
itself (see Fig. 4a), whose response bears strong resemblance to that of a
single degree of freedom oscillator due to the resonance of the platform
mass on the oil columns in the actuators. This eﬀect is common to all
hydraulic platforms of this type. The platform itself is of high stiﬀness
and has resonant frequencies well in excess of 100 Hz, which increases
further after the application of the payload. Such a high frequency
minimises the dynamic interaction between the specimen and the
platform, although the ﬂexibility of the horizontal actuator brackets
also inﬂuences the behaviour of the facility, reducing performance
around 60 Hz. From the power spectral density (PSD) shown in Fig. 4b,
it can be seen that the frequency content of the input motion is within
the frequency bandwidth 1–30 Hz, which can still be considered as
relatively wide when compared with those of typical earthquakes.
Fig. 4a shows the acceleration time histories recorded on the pile-
caps and in the soil (see Fig. 2 for a schematic instrumentation layout),
which are subsequently used as input signals for the wavelet analysis. In
the same ﬁgure, the excess pore pressure is displayed in terms of excess
pore water pressure ratio, ru, deﬁned by:
=
′
r u
σ
Δ
u
v0 (12)
According to Eq. (12), the onset of liquefaction occurs when ru at-
tains a value close to unity. Fig. 4a shows the ru curves computed based
on data recorded by the four pressure transducers whose location is
shown in Fig. 2. In the ﬁrst 100 s of the test, the maximum input ac-
celeration is approximately 0.04 g. This low-amplitude input results in a
limited increment in excess pore pressure (ie, ru < 0.1), and negligible
ampliﬁcation of soil response. On the contrary, structural responses are
ampliﬁed by a factor of about 3 in GP1 and 4 in GP2. After 200 s, as the
input motion is incremented to a maximum acceleration of about
0.10 g, the excess pore pressure ratios slowly increase, reaching a
maximum value of approximately 0.3 at a depth of 1m. On the other
hand, the acceleration response is ampliﬁed by a factor of about 2 in
GP1 and 3 in GP2, whereas the soil response is practically unaltered.
After 200 s, the amplitude of the input motion increases to a maximum
acceleration of about 0.27 g. At about 205 s, the excess pore pressure
ratios increase rapidly, until they attain a value close to unity at the
time interval 230–240 s. The occurrence of liquefaction results in a
sudden, and substantial, reduction in acceleration response in both
models and soil. Speciﬁcally accelerations are de-ampliﬁed by a factor
of about 3 in GP1 and 1.5 in GP2, whereas the soil response is de-
ampliﬁed by a factor of about 1.3.
Fig. 5 shows the input motion acceleration history and spectrograms
obtained from the time acceleration responses of models and soil pre-
viously discussed. Due to the long duration of the test, ie, 300 s, the
results are displayed in three separate plots. Starting from the 0–100 s
interval (Fig. 5a), it can be seen that the frequencies of the models are
practically constant throughout the shaking, and identical with those
computed from the free vibration tests, performed before the start of
the shaking. It is worth noting, however, that model GP2 exhibits a
slight increase in frequency throughout the shaking, a behaviour that
can be associated to the densiﬁcation of soil adjacent to the pile due to
the low-amplitude of the shaking. The spectrogram relative to the soil
response shows a broad frequency content, with most of the energy
concentrated in the frequency bandwidth 4–30 Hz. From 100 to 200 s
(Fig. 5b), the natural frequencies of both models slightly reduce from
about 11.5–9 Hz for model GP2, and from 8.5 to 7 Hz for model GP1.
On the other hand, the frequency content of the ground motion remains
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practically constant. As the input acceleration increases after 200 s
(Fig. 5c), the excess pore pressure ratios increase rapidly, which results
in a substantial variation in natural frequency and frequency content of
the ground motion. More speciﬁcally, with the occurrence of liquefac-
tion, the natural frequency of model GP2 reduces to 5.5 Hz, which re-
presents a variation of 51% with respect to its value prior to liquefac-
tion. The frequency of model GP1 decreases to 4.6 Hz, corresponding to
46% reduction. It can be observed that the energy level in both models,
denoted by the contour lines, reduces after liquefaction, which is con-
sistent with the drop in accelerations observed after the onset of li-
quefaction in Fig. 4a. It is worth noting that the natural frequencies
computed at full liquefaction are comparable with those computed by
Lombardi and Bhattacharya [31] by means of a conventional Fourier
transform, which are 4.2 and 4.3 Hz for model GP1 and GP2,
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respectively. From the spectrogram obtained from the soil response, it
can be seen that, the occurrence of liquefaction results in a reduction
and narrowing of the frequency content of the ground motion to the
bandwidth 4–14 Hz, and ampliﬁcation – shown by darker contours – of
frequency components around 10 Hz.
3.2. Christchurch earthquake (EQ-1)
The acceleration responses of both models and soil due to the input
motion applied through the shaking table are illustrated in Fig. 6a.
These are subsequently used as input signals for the wavelet analysis
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presented hereafter. The initiation of liquefaction can also be identiﬁed
from the ru curves displayed in the same ﬁgure. It can be seen that the
excess pore pressure develops soon after the start of the shaking. As
expected, the liquefaction front gradually propagates towards deeper
elevations as suggested by the diﬀerent times required to reach the
initial liquefaction condition, attained when ru approaches the unity. It
is worth noting that liquefaction occurs up to a depth of 1.3 m, while
the soil below experiences limited liquefaction (0.74 < ru < 0.82).
The ampliﬁcation of the input motion by the soil deposit is practically
negligible, whereas the structural response is slightly ampliﬁed in both
models, particularly before and immediately after the onset of lique-
faction. The ampliﬁcation of the structural response may be attributed
to the match between the structural frequencies and predominant fre-
quency of the ground motion, as shown by the wavelet spectrum in
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Fig. 7. This phenomenon is normally referred to as moving resonance,
after Beck and Skinner [4] and Naga and Eatherton (2014.
Fig. 6b shows the PSD of the input motion estimated by Welch's
averaged periodograms method [48]. It can be observed that energy of
the signal is concentrated within the frequency bandwidth, ie 1.8–5 Hz,
which is signiﬁcantly narrower and lower than that exhibited by the
input motion of test WN-1 (see Fig. 4b). Moreover, the frequencies that
correspond to the three distinct peaks, namely 2, 2.3 and 3.2 Hz,
identify the predominant frequency of the input motion.
Fig. 7 shows the wavelet spectrogram relative to test EQ-1. For the
sake of clarity, the output from the wavelet transform is plotted for a
time interval shorter than the duration of the actual test, but longer
(b)
16
16
[N
m
] Depth: 250mm
-16
0
16
[N
m
] Depth: 550mm
-16
0
16
[N
m
] Depth: 850mm
0 5 10 15 20 25 30 35 40 45 50
-16
0
16
Time [s]
[N
m
] Depth: 1300mm
(a) 
Fig. 13. Response model GP2 during test EQ-1: (a) base shear, top displacements, and base shear versus top lateral displacements; (b) time histories of bending
moment.
F.E. Hall et al. Engineering Structures 171 (2018) 712–729
725
than the signiﬁcant duration deﬁned earlier (see Table 3 within which
the process of excess pore pressure development that leads to the in-
itiation of liquefaction takes place. The results show that there is a
signiﬁcant change in the frequency content of both model piles and
ground after the onset of liquefaction (approximately 5.7 s). More
speciﬁcally, the frequency content of the ground motion reduces to the
frequency bandwidth 1.9–3.1 Hz. The natural frequency of model GP2
reduces from 3.8 Hz to 2.2 Hz, representing a 41% reduction. It can be
seen, however, that the frequency momentarily increases before the
initiation of liquefaction, possibly to local densiﬁcation of the soil due
to the tendency of the soil to contract upon shearing. A similar response
is observed in model GP1, whose frequency reduces from 3.0 Hz to
2.1 Hz, corresponding to 30% reduction.
3.3. Christchurch earthquake (EQ-2)
Fig. 8a shows the time acceleration histories of test EQ-2, and
subsequently used for the wavelet analysis. Diﬀerently from test EQ-1
analysed earlier, liquefaction occurs over the entire depth of the soil
deposit owing to the higher acceleration amplitude of the input motion,
which results in a lower factor of safety against liquefaction (see
Table 3. It can be seen that the acceleration response exhibited by the
soil, and two models, is substantially ampliﬁed by the shaking. Simi-
larly to test EQ-1 discussed earlier, this ampliﬁcation may be attributed
to the matching of structural frequencies with the predominant fre-
quency of the input motion. The power spectrum density of the input
motion used for test EQ-2 is displayed in Fig. 8b. It can be noted that the
frequency content is identical to that observed in test EQ-1, which is
expected since the two input motions are obtained by scaling at dif-
ferent peak ground accelerations the same accelerograms (see Table 3
for detail).
The spectrograms obtained from test EQ-2 are depicted in Fig. 9.
Starting from the soil response, it can be seen that as the soil liqueﬁes,
the frequency content of the ground motion is concentrated in the
frequency bandwidth 2–4 Hz. The natural frequency of model GP2 re-
duces from about 3.6 Hz to 2.3 Hz, a reduction of 36%, while the fre-
quency of model GP1 reduces from 2.9 Hz to 1.9 Hz, a reduction of
34%.
4. Seismic response and practical implications
The seismic response of the two pile-group models is evaluated in
terms of time histories of bending moment, base shear and top lateral
displacement. The latter has been computed by double numerical
(a) 
(b)
-14
0
14
[N
m
] Depth: 250mm
-14
0
14
[N
m
] Depth: 550mm
-14
0
14
[N
m
] Depth: 850mm
0 5 10 15 20 25 30 35 40 45 50
-14
0
14
Time [s]
[N
m
] Depth: 1300mm
Fig. 14. Response model GP1 during test EQ-2: (a) base shear, top displacements, and base shear versus top lateral displacements; (b) time histories of bending
moment.
F.E. Hall et al. Engineering Structures 171 (2018) 712–729
726
integration with respect to time of the acceleration time series recorded
on the pile-caps. To minimise the numerical error caused by the in-
troduction of spurious low frequency components and high frequency
pollution [50], which is typical in operations of numerical integration,
the acceleration time series were ﬁltered by means of a digital 4th-order
Butterworth ﬁlter, setting highpass and lowpass frequencies to 1 and
80 Hz, respectively. These speciﬁc values were chosen so to minimise
the loss of information in the frequencies of interest.
Figs. 10 and 11 show the results obtained from the white noise test
(WN-1). It can be seen that with the onset of liquefaction the base shear
substantially reduces – particularly in model GP1, which is consistent
with the decrease in acceleration responses observed in Fig. 4a. The
displacement responses also reduce as the soil liqueﬁes, however, this
reduction is less severe than the one observed for the base shear forces.
The base shear versus displacement curve shown in Fig. 10 (a) gradu-
ally enlarges and ﬂattens with the shaking. Considering that the slope of
the base shear-displacement curve is in eﬀect the lateral stiﬀness of the
models, the observed softening behaviour is consistent with the re-
duction in frequency discussed earlier (see Fig. 5c). The bending mo-
ment time histories shown in Fig. 10(b) show that at shallow (ie,
250mm) and medium depths (550mm≤ depth≤ 850mm), bending
gradually increases with increasing level of input acceleration, but it
then substantially decreases after liquefaction. On the other hand, the
bending moments computed at deep elevations (ie, 1300mm) gradually
increase with increasing input acceleration, attaining values that are
higher (in model GP1), or comparable (in model GP2), to that com-
puted near the pile-head (ie, 250mm). In both models, the maximum
bending moment is observed just before the onset of liquefaction. From
the results depicted in Figs. 10 and 11, it can be concluded that as the
soil liqueﬁes there is a redistribution of bending moment towards
deeper elevations, which suggest a major role played by the kinematic
interaction. It is worth noting that the increase in bending moments at
deeper elevations is consistent with the observed damage to founda-
tions as observed in post-earthquake reconnaissance missions.
Figs. 12-15 show the responses of the models subjected to two dif-
ferently-scaled records from the 2011 Christchurch earthquake, namely
test IDs EQ-1 and EQ-2 (see Table 3. Although, the amplitudes of
bending moments, base shear forces and top displacements computed in
test EQ-2 are higher than those observed in test EQ-1 - owing to the
larger peak input acceleration applied in EQ-2 (see Table 3 – the results
from both tests lead to similar observations. More speciﬁcally, the
maximum base shear and top displacement occur close to the time
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when the maximum input acceleration is recorded, which in both tests
is shortly before the initiation of liquefaction. Similarly to the results
obtained from the white noise test (Figs. 10 and 11, the occurrence of
liquefaction induces a redistribution of bending moments towards
deeper elevations. The maximum bending moment in model GP1 is
recorded at the deepest location monitored, ie, 1300mm, suggesting
the kinematic interaction dominates the seismic response of the pile. On
the other hand, Model GP2, which has a heavier pile-cap than that used
in model GP2 (see Table 1 for more details), displays comparable
bending moments at shallow (ie, 250mm) and deep elevations (ie,
1300mm).
5. Conclusions and practical implications
This paper shows the potential of the wavelet transform for the
analysis of a highly non-stationary and non-linear process involving
soil-structure interaction during seismically-induced liquefaction.
Speciﬁc conclusions that can be drawn from the present work may be
summarised as follows:
Wavelet analysis is a useful tool for identifying the temporal var-
iation in vibration characteristics of structures and ground motion due
to soil liquefaction. In contrast to conventional Fourier analysis, it is
shown that the wavelet transform enables to visualise the frequency-
energy distribution of this time-varying process in an eﬀective way.
- Liquefaction leads to a reduction in soil-foundation stiﬀness, and
consequent decrease in natural frequency of piled foundations.
Results show that the drop in frequency depends on the rate of ex-
cess pore pressure build-up, whereby frequency reduction is greater,
up to 51%, for high rate of excess pore pressure build-up (fast li-
quefaction) and lower, up to 36%, when the increase in excess pore
pressure is more gradual (slow liquefaction).
- Liquefaction has the eﬀect of ﬁltering the high frequency compo-
nents of the ground motion and narrowing of overall frequency
bandwidth
- The combined eﬀect of reduction in structural frequency and ﬁl-
tering of the frequency content of the ground motion may lead to so-
called “moving resonance” condition with consequent ampliﬁcation
of seismic response owing to the matching of structural frequency
and predominant frequency of the ground motion.
- Liquefaction is responsible for a redistribution of maximum bending
moments toward deeper elevations, indicating that kinematic in-
teraction dominates over inertial interaction as the soil liqueﬁes.
- The seismic demand (base shear) imposed by the shaking on the
structure reduces after the onset of liquefaction, yet the structure
exhibits larger deformation owing to the reduction of lateral foun-
dation stiﬀness. This shows that displacement rather than accel-
eration is the governing seismic demand parameter.
Acknowledgements
The authors would like to thank EPSRC (Engineering and Physical
Sciences Research Council) through the grant EP/H015345/1 for ﬁ-
nancially supporting this research.
References
[1] Basu B, Gupta VK. Stochastic seismic response of single-degree-of-freedom systems
through wavelets. Eng Struct 2000;22(12):1714–22.
[2] Bhattacharya S, Madabhushi SPG, Bolton MD. An alternative mechanism of pile
failure in liqueﬁable deposits during earthquakes. Géotechnique
2004;54(3):203–13.
[3] Bhattacharya S, Alexander N, Lombardi D, Ghosh S. Fundamentals of engineering
mathematics. ICE Publishing 2015.
[4] Beck JL, Skinner RI. The seismic response of a reinforced concrete bridge pier de-
signed to step. Earthquake Eng Struct Dyn 1973;2(4):343–58.
[5] Bhattacharya S, Hyodo M, Goda K, Tazoh T, Taylor CA. Liquefaction of soil in the
tokyo bay area from the 2011 Tohoku (Japan) earthquake. Soil Dyn Earthquake Eng
2011;31(11):1618–28.
[6] Boore DM. On pads and ﬁlters: processing strong-motion data. Bull Seismol Soc Am
2005;95(2):745–50.
[7] Borowiec A. Numerical analysis of wave propagation in twophase soil medium. In:
Proceedings of the GeoShanghai international conference, soil dynamics and
earthquake engineering, vol. 201; 2010. p. 252–62.
[8] Chakraborty A, Okaya D. Frequency-time decomposition of seismic data using
wavelet-based methods. Geophysics 1995;60(6):1906–16.
[9] Chiaro G, Kiyota T, Pokhrel RM, Goda K, Katagiri T, Sharma K. Reconnaissance
report on geotechnical and structural damage caused by the 2015 Gorkha
Earthquake. Nepal Soils Found 2015;55(5):1030–43.
[10] Cohen L. Time-frequency analysis. Englewood Cliﬀs, NJ: Prentice-Hall; 1995.
[11] Dash SR, Govindaraju L, Bhattacharya S. A case study of damages of the kandla port
and customs oﬃce tower supported on a mat–pile foundation in liqueﬁed soils
under the 2001 Bhuj earthquake. Soil Dyn Earthquake Eng 2009;29(2):333–46.
[12] Davisson MT, Robinson KE. Bending and buckling of partially embedded piles. Proc
6th int conf soil mech found eng 1965;2:243–6. 5.
[13] Figini R, Paolucci R. Integrated foundation–structure seismic assessment through
non-linear dynamic analyses. Earthquake Eng Struct Dyn 2016. http://dx.doi.org/
10.1002/eqe.2790.
[14] Fujii S, Isemoto N, Satou Y, Kaneko O. Investigation and analysis of a pile foun-
dation damaged by liquefaction during the 1995 Hyogoken-Nambu earthquake.
Soils Found 1998;2:179–92.
[15] Goupillaud P, Grossmann A, Morlet J. Cycle-octave and related transforms in
seismic signal analysis. Geoexploration 1984;23(1):85–102.
[16] Goda K, Campbell G, Hulme L, Ismael B, Ke L, Marsh R, et al. The 2016 Kumamoto
earthquakes: cascading geological hazards and compounding risks. Front Built
Environ 2016;2(19):1–23.
[17] Gurley K, Kareem A. Applications of wavelet transforms in earthquake, wind and
ocean engineering. Eng Struct 1999;21(2):149–67.
[18] Hamada M, O’Rourke TD. Case studies of liquefaction and lifeline performance
during past earthquakes. Japanese case studies. Technical report NCEER-92–0001;
1992.
[19] He J, Zhang F, Lin L, Cai M, Yang H, Wang X. Eﬀects of the 2010 Chile and 2011
Japan tsunamis on the Antarctic coastal waters as detected via online mooring
system. Antarct Sci 2012;24(6):665–71.
[20] Huang NE, Long SR, Shen Z. The mechanism for frequency downshift in nonlinear
wave evolution. Adv Appl Mech 1996;32:59–111.
[21] Huang NE, Shen Z, Long SR, Wu MC, Shih HH, Zheng Q, et al. The empirical mode
decomposition and the Hilbert spectrum for nonlinear and non-stationary time
series analysis. Proc Royal Soc Lond A: Math Phys Eng Sci 1998;454(1971):903–95.
[22] Huang NE, Shen Z, Long SR. A new view of nonlinear water waves: the Hilbert
spectrum. Ann Rev Fluid Mech 1999;31(1):417–57.
[23] Huang NE, Wu Z. A review on Hilbert-Huang transform: method and its applications
to geophysical studies. Rev Geophys 2008;46(2).
[24] Huang Y, Jiang X. Field-observed phenomena of seismic liquefaction and sub-
sidence during the 2008 Wenchuan earthquake in China. Nat Hazards
2010;54(3):839–50.
[25] Iyama J, Kuwamura H. Application of wavelets to analysis and simulation of
earthquake motions. Earthquake Eng Struct Dyn 1999;28(3):255–72.
[26] Kokusho T. Cyclic triaxial test of dynamic soil properties for wide strain range. Soils
Found 1980;20(2):45–60.
[27] Kramer SL. Geotechnical earthquake engineering. Upper Saddle River, NJ: Prentice
Hall; 1996.
[28] Lombardi D, Dash SR, Bhattacharya S. Inclusion of axial load on bending response
of pile in liqueﬁable soils. In: 8th international conference on urban earthquake
engineering, March 7–8, 2011, Tokyo Institute of Technology, Tokyo, Japan.
[29] Lombardi D, Bhattacharya S. Modal analysis of pile-supported structures during
seismic liquefaction. Earthquake Eng Struct Dyn 2014;43(1):119–38.
[30] Lombardi D, Bhattacharya S. Liquefaction of soil in the Emilia-Romagna region
after the 2012 northern Italy earthquake sequence. Nat Hazards 2014. http://dx.
doi.org/10.1007/s11069-014-1168-6.
[31] Lombardi D, Bhattacharya S, Hyodo M, Kaneko T. Undrained behaviour of two
silica sands and practical implications for modelling SSI in liqueﬁable soils. Soil Dyn
Earthquake Eng 2014;66:293–304.
[32] Lombardi D, Bhattacharya S. Evaluation of seismic performance of pile-supported
models in liqueﬁable soils. Earthquake Eng Struct Dyn 2016;45(5):1019–38.
[33] Lombardi D, Dash SR, Bhattacharya S, Ibraim E, Wood DM, Taylor CA. Construction
of simpliﬁed design py curves for liqueﬁed soils. Géotechnique 2017;67(3):216–27.
[34] MathWorks. MATLAB User’s Guide. Natick, MA: The MathWorks Inc; 2013.
[35] Morlet J, Arens G, Fourgeau E, Glard D. Wave propagation and sampling theory-
part I: complex signal and scattering in multilayered media. Geophysics
1982;47(2):203–21.
[36] Naga P, Eatherton MR. Analyzing the eﬀect of moving resonance on seismic re-
sponse of structures using wavelet transforms. Earthquake Eng Struct Dyn
2014;43(5):759–68.
[37] Orense RP, Hickman NA, Hill BT, Pender MJ. Spatial evaluation of liquefaction
potential in Christchurch following the 2010/2011 Canterbury earthquakes. Int J
Geotech Eng 2014;8(4):420–5.
[38] Press WH, Teukolsky SA, Vetterling VT, Flannery BP. Numerical recipes in
FORTRAN: the art of scientiﬁc computing. Cambridge: Cambridge University Press;
1992. p. 963.
[39] Rezai M, Ventura CE. Analysis of strong and weak ground motions recorded at two
sites during Loma Prieta earthquake by wavelet transform. Can J Civ Eng
2002;29(1):157–70.
[40] Seed B, Lee KL. Liquefaction of saturated sands during cyclic loading. J Soil Mech
F.E. Hall et al. Engineering Structures 171 (2018) 712–729
728
Found Div 1966;92.
[41] Seed HB, Idriss IM. Simpliﬁed procedure for evaluating soil liquefaction potential. J
Soil Mech Found Div 1971;97(9):1249–73.
[42] Simpson JJ. Oceanographic and atmospheric applications of spatial statistics and
digital image analysis. Spatial Statistics and Digital Image Analysis; 1991.
[43] Smyrou E, Tasiopoulou P, Bal İE, Gazetas G. Ground motions versus geotechnical
and structural damage in the February 2011 Christchurch earthquake. Seismol Res
Lett 2011;82(6):882–92.
[44] Smyrou E, Bal İE, Tasiopoulou P, Gazetas G. Wavelet analysis for relating soil
ampliﬁcation and liquefaction eﬀects with seismic performance of precast struc-
tures. Earthquake Eng Struct Dyn 2016;45(7):1169–83.
[45] Tai M, Fushimi M, Tatsumi Y, Irikura K. Separation of source and site eﬀects using
wavelet transform coeﬃcients. In: Proceedings of the 12th world conference on
earthquake engineering 2000. Paper (No. 2332).
[46] Titchmarsh EC. Introduction to the theory of fourier integrals. Oxford University
Press; 1948.
[47] Yoshida N, Tazoh T, Wakamatsu K, Yasuda S, Towhata I, Nakazawa H, et al. Causes
of Showa Bridge collapse in the 1964 Niigata earthquake based on eye-witness
testimony. Soils Found 2007;47(6):1075–87.
[48] Welch P. The use of fast Fourier transform for the estimation of power spectra: a
method based on time averaging over short, modiﬁed periodograms. Audio
Electroacous IEEE Trans 1967;15(2):70–3.
[49] Wood DM. Geotechnical modelling. Taylor & Francis; 2004.
[50] Worden K, Tomlinson GR. Nonlinearity in structural dynamics: detection, identiﬁ-
cation and modelling. CRC Press; 2010.
F.E. Hall et al. Engineering Structures 171 (2018) 712–729
729
